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COMMENT

On the Lie symmetries of thezp Lotka—\Volterra system

M A Almeida, | C Moreiraf and O M Ritter
Instituto de Fsica, Caixa Postal 68528, UFRJ, 21945-170 llha do Bap®io de Janeiro, Brazil

Received 14 June 1995

Abstract. We show that the two-dimensional Lotka—\olterra system also has a non-trivial
symmetry group.

The Lie symmetries of the two-dimensional Lotka—\olterra system

X' =ax —xy y =xy— by 1)
has been rediscussed recently by Lakshmanan and Senthil Velan in [1]. Baumann and
Freyberg [2] showed that equation (1) admits a three-parameter symmetry group (up to
the quadratic power in the variabl® provided the parametric conditiom,+ b = 0, is
satisfied. Lakshmanan and Senthil Velan found that, for the same parametric condition,
we can find an infinite sequence of symmetries, not functionally independent, and a related
infinite-dimensional Lie algebra. From these symmetries we can identify integrals of motion
for system (1), ifa + b = 0.

We note here that equation (1), in the general case, also admits a non-trivial Lie
symmetry. If we apply the Lie conditions [1, 3] to this system we get the following equations
to be satisfied:

(y —a)n1+xn2+ 1+ (ax — xy)dym + (xy — by)dyn1 =0 @
=ym+ (b —x)n2+ 92+ (ax — xy)din2 + (xy — by)dyn2 = 0.
Solving this system, with the supposition thatandz, are time-independent functions, we
get the symmetry vector fields

Ui = (ax — xy)dx + (xy — by)d,
Us = xPy'e "™y, .
The well known first integral = x*y“e~“+?) is found immediately.
We have here a simple example of a Lie symmetry vector field with a transcendental
dependence on the variables. Usually this kind of symmetry is not found due to the
supposition of a polynomial dependence of the symmetry on the variables of the system. For

the 3D Lotka—\Volterra system we can make a similar analysis and find a lot of transcendental
symmetries and related first integrals [4].
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